The energy level displacements of the excited nℓ states of pionic hydrogen and the contribution of the ns → 1s transitions to the shift of the energy level of the ground state of pionic hydrogen, caused by strong low-energy interactions, are calculated within a quantum field theoretic, relativistic covariant and model-independent approach. *
Introduction
Pionic hydrogen, a hydrogen-like mesoatom with the electron replaced by the π − meson, is a nice laboratory for the experimental investigation of strong low-energy interactions and the mechanisms of spontaneous breaking of chiral symmetry [1, 2] . The existence of pionic hydrogen is fully due to the Coulomb forces [3] - [5] . The Bohr radius of pionic hydrogen is equal to a B = 1/αµ = 222.664 fm, where µ = m π − m p /(m π − + m p ) = 121.497 MeV is the reduced mass of the π − p system, calculated at m π − = 139.570 MeV and m p = 938.272 MeV [6] , and α = e 2 / c = 1/137.036 is the fine structure constant [6] . Below we use the units = c = 1, then α = e 2 = 1/137.036. Since the Bohr radius of pionic hydrogen is much greater than the radius of strong interactions R str ∼ 1/m π − = 1.414 fm, the strong low-energy interactions can be taken into account perturbatively [3] - [5] . The mass of the state π 0 n is less than the mass of pionic hydrogen, m π 0 = 134.977 MeV and m n = 939.565 MeV [6] , thereby the mesoatom A πp is unstable under the decay A πp → π 0 + n [3]- [5] caused by strong low-energy interactions. This decay goes through intermediate πN scattering, i.e. A πp → π − + p → π 0 + n, the s-channel amplitude of which is determined by two states with isotopic spin I = 1/2 and I = 3/2. Near threshold the amplitudes of the πN scattering with isotopic spin I = 1/2 and I = 3/2 are defined by the S-wave scattering lengths a 1/2 0 and a 3/2 0 , respectively. The relative momenta p of the π − p system in the 1s state of pionic hydrogen are of order p ∼ 1/a B = 0.887 MeV and smaller compared with the reduced mass of the πN system µ ≃ 121.497 MeV, therefore the low-energy limit for the calculation of the amplitude of the πN scattering is well defined. As a result the shift and width of the energy level of the 1s state of pionic hydrogen should be expressed in terms of the S-wave scattering lengths of the low-energy πN scattering.
As has been found by Deser, Goldberger, Baumann and Thirring [3] due to strong low-energy interactions the energy level of the (1s) ground state of pionic hydrogen has the following shift and width
This is the so-called DGBT formula, f
(0) is the amplitude of low-energy π − p scattering calculated at threshold, where p * = 28.040 MeV is the relative momentum of the π 0 n system at relative momentum zero of the π − p pair, and Ψ 1s (0) = 1/ πa 3 B is the wave function of pionic hydrogen in the ground state at the origin r = 0.
The DGBT formula (1.1) can be transcribed into an equivalent form [3]
where E 1s = −α/2a B is the binding energy of the ground state of pionic hydrogen. The theoretical accuracy of the DGBT formula with respect to next-to-leading corrections caused by strong low-energy interactions has been recently analysed in [7] . As has been shown the second order correction to the shift of the energy level of the ground state relative to the first order makes up about (0.111 ± 0.006) %. However, the derivation of the energy level displacement of the ground state of pionic hydrogen carried out within a quantum field theoretic, relativistic covariant and model-independent approach leads to the appearance of the non-perturbative correction of 1%. Hence, strong low-energy interactions cannot compete with contributions of the QCD isospin-breaking and electromagnetic interactions [8] . The predicted value of these corrections is about δ ǫ = (−7.3 ±2.9)% [8] 1 . Experimentally [1, 2] the energy level displacement of the ground state (ǫ 1s , Γ 1s ) can be obtained by measuring of the np → 1s transitions in pionic hydrogen for n = 2, 3, 4, where n is the principle quantum number and p stands for the state of pionic hydrogen with the angular momentum ℓ = 1. As a result, the energy level displacement (ǫ np , Γ np ) turns out to be entangled into the definition of (ǫ 1s , Γ 1s ). Superficially, from the generalization of the DGBT formula on the np states, the energy level displacements for these states can be set zero (ǫ np = 0, Γ np = 0) [1, 2] . The former is due to the fact that at the origin the wave functions of the np states vanish, i.e. Ψ np (0) = 0.
However, as has been shown in [7] a quantum field theoretic approach to the derivation of the energy level displacement of the ground state of pionic hydrogen smears the wave function Ψ 1s (0) around the origin
where Φ 1s ( k ) is the wave function of the ground state of pionic hydrogen in the momentum representation, normalized to unity
As result the energy level displacement of the ground state is represented in terms of the momentum integrals [7] − ǫ 1s
where
p are the energies of the π − -meson and the proton. The formula (1.5) reduces to the DGBT formula (1.1) in the non-relativistic limit E π − ≃ m π − and E p (k) ≃ m p [7] .
Such a generalization of the DGBT formula (1.5) allows to get non-vanishing values for the energy level displacements of the excited np states of pionic hydrogen derived within a quantum field theoretic and relativistic covariant approach developed in [7] .
Thus, the main aim of this paper is to calculate the energy level displacements of the excited np states of pionic hydrogen at leading order in strong low-energy interactions within the quantum field theoretic, relativistic covariant and model-independent approach [7] .
The paper is organized as follows. In Section 2 we construct the wave function of the excited nℓ state of pionic hydrogen following the prescription developed in [7] . In Sections 3 and 4 following [7] we calculate the energy level displacement of the excited nℓ states of pionic hydrogen within quantum field theoretic, relativistic covariant and model-independent approach. In Section 5 we estimate the value of the energy level displacement of the excited np state of pionic hydrogen. In Section 6 we calculate the contribution of the ns → 1s transitions to the shift of the energy level of the ground state of pionic hydrogen induced by strong low-energy interactions. We find that this contribution relative to the DGBT shift makes up about 0.056 %. In the Conclusion we discuss the obtained results. In the Appendix we calculate the momentum integral defining the energy level displacement of the np state of pionic hydrogen.
Wave function of nℓ state of pionic hydrogen
The wave function of pionic hydrogen in the 1s state has been defined as [7] |A (1s)
where E (1s)
2 + P 2 and P are the total energy and the momentum of pionic hydrogen, M (1s) A = m p + m π − + E 1s and E 1s are the mass and the binding energy of pionic hydrogen in the 1s bound state, σ p is the polarization. Then, Φ 1s ( k π − ) is the wave function of the 1s state in the momentum representation. It is normalized as
The wave function |π
and the proton with momentum k p and polarization σ p = ±1/2. They satisfy standard relativistic covariant commutation and anti-commutation relations
The wave function (2.1) is normalized by
This is a relativistic covariant normalization of the wave function. The wave function (2.1) has been applied to the derivation of the energy level displacement of the ground state of pionic hydrogen within the quantum field theoretic, relativistic covariant and model-independent approach [7] . In analogy with the 1s state we define the wave function of the nℓ excited state of pionic hydrogen
where E (nℓ)
2 + P 2 and P are the total energy and the momentum of pionic
= m p + m π − + E nℓ and E nℓ are the mass and the binding energy of pionic hydrogen in the nℓ bound state. Φ nℓm ( k ) is the wave function of the excited nℓ state in the momentum representation, where n is the principle quantum number, ℓ is the angular momentum ℓ = 0, 1, . . . , n−1 and m is the magnetic quantum number m = 0, ±1, . . . , ±ℓ.
The wave function of pionic hydrogen in the coordinate representation Ψ nℓm ( r ) is equal to [9] 
where L 2ℓ+1 n+ℓ (ρ) are the generalized Laguerre polynomials defined by [9] 8) and Y ℓm (ϑ, ϕ) are spherical harmonics normalized by
where dΩ = sin ϑdϑdϕ is a solid angle. In the momentum representation the wave function Φ nℓm ( k ) of pionic hydrogen is determined as
where j ℓ (kr) are spherical Bessel functions [12] , Y ℓm (ϑ k , ϕ k ) and Φ nℓ (k) are spherical harmonics and radial wave functions in momentum space. The radial wave functions Φ nℓ (k) are defined as
Now we are able to proceed to calculating the energy level displacement of the excited nℓ state of pionic hydrogen.
Calculation of ǫ nℓ
The shift of the energy ǫ nℓ of the excited nℓ state of pionic we define as [7] 
where L str (x) is an effective total Lagrangian of strong low-energy interaction. For the quantum field theoretic and model-independent calculation of the shift of the energy level of the nℓ state of pionic hydrogen we will not specify L str (x) in terms of interpolating fields of the coupled mesons and baryons. We would like to emphasize that L str (x) is a total effective Lagrangian accounting for all strong interactions. In other words this effective Lagrangian defines the T str -matrix of strong interactions
obeying the unitary condition [10, 11] 
This means that the matrix element of the effective Lagrangian L str (0) between the states |pπ − defines the physical amplitudes of the π − p scattering [7] π − p|L str (0)|π
where T 1/2 and T 3/2 are the amplitudes of the πN scattering with isotopic spin I = 1/2 and I = 3/2, respectively.
According to [7] the shift of the energy level of the nℓ state, expressed in terms of the matrix element of the effective Lagrangian L str (0), reads
It is convenient to redefine the r.h.s. of (3.5) as follows
Since there is no spin-flip in the transition π − + p → π − + p the amplitude of the π − p scattering is determined by [13, 14] 
where √ s is the total energy in the s-channel of the π − p scattering, P ℓ ′ (cos ϑ) are Legendre polynomials [12] and ϑ is the angle between the relative momenta k and q. The amplitudes f ℓ ′ + ( √ kq) and f ℓ ′ − ( √ kq) describe the π − p scattering in the states with a total momentum J = ℓ ′ + 1/2 and J = ℓ ′ − 1/2. They are defined by the phase shifts [13, 14] 
Near threshold k, q → 0 the amplitudes f ℓ ′ + ( √ kq) and f ℓ ′ − ( √ kq) are defined by the ℓ ′ -wave scattering lengths of the π − p scattering [14] 
Substituting (3.7) and (3.9) in (3.6) and integrating over the solid angles we get the shift of the energy level of the excited nℓ state
This is a generalization of the DGBT formula to any excited nℓ state of pionic hydrogen. The ℓ-wave scattering lengths a π − p→π − p ℓ± are related to the ℓ-wave scattering lengths a For the ground state n = 1 and ℓ = 0 the expression (3.10) with (3.11) reduces to the DGBT formula (1.1) [7] .
Calculation of Γ nℓ
According to [7] the width Γ nℓ of the energy level of the excited nℓ state is defined by
For the subsequent calculation it is convenient to rewrite the r.h.s. of (4.1) as follows
The matrix element π − ( k )p(− k, σ)|L str (0)|π 0 ( Q)n(− Q, λ n ) we define as
Near threshold the amplitudes f ℓ ′ + ( √ kQ) and f ℓ ′ − ( √ kQ) are defined by the ℓ ′ -wave scattering lengths of the π − p → π 0 n scattering [14] 
The ℓ ′ -wave scattering lengths a π − p→π 0 n ℓ ′ ± are related to the ℓ ′ -wave scattering lengths a I ℓ ′ ± for I = 1/2 and I = 3/2 as
Substituting (4.3) and (4.4) in (4.2) and integrating over the solid angles we arrive at the expression
where Q nℓ is a relative momentum of the π 0 n pair
This is a generalization of the DGBT formula to any excited nℓ state of pionic hydrogen. For the ground state n = 1 and ℓ = 0 we arrive at the DGBT formula (1.1).
Energy level displacement of excited np state
The analysis of experimental data obtained by the PSI Collaboration demands the knowledge of the energy level displacements of the excited np states. For ℓ = 1 from the formulas (3.10) and (4.6) one gets
where a I P + and a I P − are the P-wave scattering lengths of the πN scattering with isospin I and total momentum J = 3/2 and J = 1/2, respectively, [13, 14] .
The integral over k is calculated in the Appendix. The result reads
Substituting (5.2) in (5.1) we obtain the shift of the energy level of the np state. It reads
where m π 0 = 134.977 MeV and m n = 939.565 MeV [6] . In order to estimate the values of the shift and the width of the excited np state we use the experimental data on the P-wave scattering lengths compiled in Table 5 .3 of Ref. [14] :
This yields
Thus, the values of the energy level displacements of the excited np states of pionic hydrogen are much smaller than 2.6 × 10 −5 eV. The experimental value of the energy level displacement of the ground state of pionic hydrogen is equal to [2] ǫ 1s = −7.108 ± 0.013 (stat.) ± 0.034 (syst.) eV, Γ 1s = 0.868 ± 0.040 (stat.) ± 0.038 (syst.) eV.
( 5.6) with an accuracy about 0.5% and 4.6% for the shift and the width, respectively. The level of accuracy in a new set of experiments is about 0.2 % [1] . Hence, according to (5.5) the contributions of the energy level displacements of the excited np states to the transitions np → 1s with n = 2, 3, 4 can be neglected.
6 Energy level shift of ground state caused by ns → 1s transitions
In this section we calculate the shift of the energy level of the ground state of pionic hydrogen δǫ 1s caused by the ns → 1s transitions induced by strong low-energy interactions. According to [7] it reads
For further calculations we need a unit operator which we define aŝ
Following [7] and using a unit operator (6.2) for the description of the intermediate states in (6.1) we get
3)
The matrix elements of the effective Lagrangian L str (0) should be calculated at zero momenta [7] . This yields
Since with a good accuracy we can replace the momentum integrals by the coordinate wave functions calculated at the origin, Ψ 1s (0) = 1/ πa 3 B and Ψ ns (0) = 1/ πn 3 a 3 B , the shift of the energy level δǫ 1s is equal to δǫ 1s = 4π
Using the analytical expressions for the wave functions and eigenvalues we get
Comparing δǫ 1s with the DGBT formula we obtain δǫ 1s ǫ 1s = α 3 µ (2a As has been calculated in [7] the contribution to the shift of the energy level of the ground state to the second order in strong low-energy interactions ǫ 
Conclusion
Within a quantum field theoretic, relativistic covariant and model-independent approach we have derived the energy level displacement of the excited nℓ state of pionic hydrogen. We have calculated numerically the energy level displacements of the excited np states. We have shown that the contributions of the energy level displacements of the np states to the transitions np → 1s is much less than the experimental accuracy of 0.2 % [1] . Therefore, these contributions can be neglected for the extraction of the experimental value of the energy level displacement of the ground state from the np → 1s transitions.
We have calculated the contribution of the ns → 1s transitions to the shift of the energy level of the ground state of pionic hydrogen induced by strong low-energy interactions. The numerical value of this contribution relative to the DGBT expression makes up 0.056 %. Taking into account the result obtained in [7] the total shift of the energy level of the ground state of pionic hydrogen to the second order in strong low-energy interactions makes up 0.167 %. This does not exceed the experimental accuracy of the new set of experiments on pionic hydrogen by the PSI Collaboration [1] .
The obtained results confirm that the contributions of the QCD isospin-breaking and electromagnetic interactions, calculated by Gasser et al. [8] , are the most important for the precise extraction of the S-wave scattering lengths of the πN scattering from the experimental data on the energy level displacement of the ground state of pionic hydrogen.
Appendix. Calculation of the integral (5.2)
In this Appendix we give an explicit calculation of the integral (5.2). The wave function Φ n1 (k) is defined by (2.11). Substituting (2.11) in (5.2) we get The integration over k we carry out in the limit m p → ∞. This yields Substituting (A.8) in (A.6) we get
(A.10)
